Abstract: In this paper, we derive another expressions of Jacobi's derivative formula in terms of modular forms of level five. For this purpose, we use the residue theorem and the Fourier series expansions of η 5 (τ )/η(5τ ) and η 5 (5τ )/η(τ ), where η(τ ) is the Dedekind eta function.
Introduction
Throughout this paper, the upper half plane H 2 is defined by H 2 = {τ ∈ C | ℑτ > 0}.
The Dedekind eta function is defined by η(τ ) = q (1 − q n ), q = exp(2πiτ ), τ ∈ H 2 .
Our concern is with the famous product-series identities, (1 − q 5n )
5
(1 − q n ) 6 , 1 is proved by the identity (1.2), where for each n ∈ N, p(n) is the partition number of n. For the proof, see Bailey [1, 2] .
The aim of this paper is to obtain another expressions of Jacobi's derivative formula by means of the identities (1.1) and (1.2). Jacobi's formula is given by
Moreover, we derive modular equations of level 5 and the formulas of Wronskian of modular forms of level 5. Our main theorem is as follows:
Proof. The lemma can be proved by direct calculation.
Proof the identities (1.1) and (1.2)
Proof. By equation (3.1), we derive equation (1.1). Equation (1.2) can be proved in the same way.
Comparing the coefficients of the term z 2 in equation (3.1), we have
Therefore, equation (1.1) can be obtained by Jacobi's triple product identity (2.3).
Derivative formulas of level five
From Matsuda [5] , recall the following derivative formulas: θ 1 , which proves the formula (1.4).
Corollary 5.1. For every τ ∈ H 2 , set q = exp(2πiτ ). Then, we have
Proof. The corollary follows from Jacobi's triple product identity (2.3) and equation (5.3). 
Theorem of Farkas and Kra
Proof. Summing both sides of equations (5.1) 
which proves the theorem.
Corollary 5.3. For q ∈ C with |q| < 1, we have
Proof. The corollary follows from Jacobi's triple product identity (2.3) and the derivative formulas of Theorem 4.6.
Some product-series identities
Theorem 5.4. For q ∈ C with |q| < 1, we have
Proof. The theorem follows from Corollaries 5.1 and 5.3.
5.4
The modular equation of level 5.
Then, (X, Y, Z) satisfies the following relations:
Proof. The formula (1.4) implies that
. Equation (5.4) follows from raising to the fifth power both sides of this equation.
The formula of Wronskian
Theorem 5.6. For every τ ∈ H 2 , set
.
Then, (X, Y, Z) satisfies the following relations:
Proof. Note that
Then, the Wronskian of (X, Y ) is given by
Proof. The theorem can be proved by eliminating Z from Theorems 5.5 and 5.6.
6 Proof of the formula (1.5)
6.1 Proof of the formula (1.5)
Proof. Consider the following elliptic functions: 1 , which proves the formula (1.5).
Corollary 6.1. For every τ ∈ H 2 , set q = exp(2πiτ ). Then, we have
Proof. Equation (6.3) and Jacobi's triple product identity yield
where y = exp(2πiτ /5). The corollary can be obtained by changing τ → 5τ. 
Jacobi's triple product identity (2.3) yields
Corollary 6.3. For q ∈ C with |q| < 1, we have
Proof. The corollary follows from Theorems 4.3 and 6.2. 14 6.3 Some product-series identities Theorem 6.4. For q ∈ C with |q| < 1, we have
and
Proof. The theorem follows from Corollaries 6.1 and 6.3. Proof. Set (X,Ỹ ,Z) = θ
